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In this talk, we consider the Euler equations inRn with n > 2, describing the motion of
perfect incompressible fluids,

∂u

∂t
+ (u · ∇)u+∇p = 0 in Rn × (0, T ),

div u = 0 in Rn × (0, T ),

u(x, 0) = u0(x) in Rn,

(E)

where the unknown functionsu = u(x, t) = (u1(x, t), . . . , un(x, t)) andp = p(x, t) denote the
velocity field and the pressure of the fluid, respectively, whileu0 = u0(x) = (u1

0(x), . . . , u
n
0 (x))

denotes the given initial velocity field.
The purpose of this talk is to show the propagation properties of the real analyticity in

spatial variables for the solution to (E) with non-decaying initial velocity. LetS (Rn) be the
Schwartz class of all rapidly decreasing functions, and letS ′(Rn) be the space of all tempered
distributions. LetN0 := N ∪ {0}, whereN is the set of all positive integers. We first recall the
definition of the Littlewood-Paley operators. Let{φj}∞j=0 be a sequence inS (Rn) satisfying
the following properties (i), (ii) and (iii) :

(i) supp φ̂0 ⊂
{
ξ ∈ Rn

∣∣ |ξ| 6 2
}
, supp φ̂j ⊂

{
ξ ∈ Rn

∣∣ 2j−1 6 |ξ| 6 2j+1
}

if j ∈ N.

(ii) For any multi-indexα ∈ Nn
0 there exists a positive constantcα such that

sup
j∈N0

sup
ξ∈Rn

2j|α|
∣∣∂α

ξ φ̂j(ξ)
∣∣ 6 cα.

(iii)
∞∑
j=0

φ̂j(ξ) = 1 for all ξ ∈ Rn.

Given f ∈ S ′(Rn), we denote∆jf := φj ∗ f for j ∈ N0, where∗ denotes the convolution
operator. Then, we define the Besov spacesB1

∞,1(Rn) by the following definition.

Definition 1. The Besov spaceB1
∞,1(Rn) is defined to be the set of all tempered distributions

f ∈ S ′(Rn) such that

∥f∥B1
∞,1

:=
∞∑
j=0

2j ∥∆jf∥L∞ < ∞.

Note thatB1
∞,1(Rn) is a Banach space with its norm∥·∥B1

∞,1
. It is easy to see the continuous

embeddingHm(Rn) ↪→ B1
∞,1(Rn) if m > n/2 + 1. Moreover,B1

∞,1(Rn) contains some non-
decaying functions, for example,eia·x ∈ B1

∞,1(Rn) \Hm(Rn) for all wavevectora ∈ Rn.
For the local-in-time existence and uniqueness of solutions for (E), Kato [2] proved that for

the given initial velocity fieldu0 ∈ Hm(Rn)n with m > n/2 + 1, there existT = T (∥u0∥Hm)
and a unique solutionu of (E) in the classC([0, T ];Hm(Rn)n). Pak and Park [4] extended
this result to the Besov spacesB1

∞,1(Rn). It has already been known that Kato’s solution is
1Joint work with Professor Okihiro Sawada (Gifu University).
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real analytic in spatial variables ifu0 ∈ Cω(Rn)n, see Alinhac and Ḿetivier [1] and Kukavica
and Vicol [3]. In this talk, we prove the propagation of analyticity of Pak-Park’s solutions. In
particular, we give an improvement for the estimate for the size of the radius of convergence of
Taylor’s expansion.

Before stating our result about the analyticity, we set notation. Fork ∈ N0, put mk :=
ck!/(k + 1)2 wherec is a positive constant such that one has∑

06β6α

(
α

β

)
m|β|m|α−β| 6 m|α|, α ∈ Nn

0 ,

∑
0<β6α

(
α

β

)
m|β|−1m|α−β|+1 6 |α|m|α|, α ∈ Nn

0 \ {0}n.

For example, it suffices to takec 6 1/16. Our result on the propagation of the analyticity now
reads:

Theorem 2. Let u0 ∈ B1
∞,1(Rn)n with div u0 = 0, and letu ∈ C([0, T ];B1

∞,1(Rn)n) be
the solution of(E). Suppose thatu0 ∈ Cω(Rn)n in the following sense: there exist positive
constantsK0 andρ0 such that

∥∂α
xu0∥B1

∞,1
6 K0ρ

−|α|
0 m|α|

for all α ∈ Nn
0 . Then,u(·, t) ∈ Cω(Rn)n for all t ∈ [0, T ] and satisfies the following estimate:

there exist positive constantsK = K(n,K0), L = L(n,K0) andλ = λ(n) such that

∥∂α
xu(·, t)∥B1

∞,1
6 K

(ρ0
L

)−|α|
m|α|(1 + t)max{|α|−1,0} exp

{
λ|α|

∫ t

0

∥u(·, τ)∥B1
∞,1

dτ

}
(1)

for all α ∈ Nn
0 andt ∈ [0, T ].

Remark 3. (i) SinceK,L andλ do not depend onT , (1) gives a grow-rate estimate for large
time behavior of Pak-Park’s solutions provided

∫ t

0
∥u(τ)∥B1

∞,1
dτ is uniformly bounded in time.

(ii) From (1), one can derive the estimate for the size of the uniform analyticity radius of the
solutions as follows :

lim inf
|α|→∞

(
∥∂α

xu(t)∥L∞

α!

)− 1
|α|

> ρ0
L
(1 + t)−1 exp

{
−λ

∫ t

0

∥u(τ)∥B1
∞,1

dτ

}
.

Recently, Kukavica and Vicol [3] considered the vorticity equations of (E) inHs(T3)3 with
s > 7/2, and obtained the following estimate for uniform analyticity radius :

lim inf
|α|→∞

(
∥∂α

x rotu(t)∥L∞

α!

)− 1
|α|

> ρ(1 + t2)−1 exp

{
−λ

∫ t

0

∥∇u(τ)∥L∞dτ

}
with someρ := ρ(r, rotu0) andλ = λ(r). Hence our result is an improvement of the previous
analyticity-rate in the sense that(1+ t2)−1 is replaced by(1+ t)−1, and clarifies thatρ = ρ0/L.
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