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In this talk, we consider the Euler equationsRi with n > 2, describing the motion of
perfect incompressible fluids,

%—i—(u-V)u—i—Vp:O inRR™ x (0,7,
divu = 0 inR" x (0,7), (E)
u(z,0) = up(x) in R™,

where the unknown functions = u(z,t) = (u'(z,t),...,u"(z,t)) andp = p(z,t) denote the
velocity field and the pressure of the fluid, respectively, while= uy(z) = (uj(z),. .., ui(z))
denotes the given initial velocity field.

The purpose of this talk is to show the propagation properties of the real analyticity in
spatial variables for the solution to (E) with non-decaying initial velocity. &fR") be the
Schwartz class of all rapidly decreasing functions, and4&tR") be the space of all tempered
distributions. LetN, := N U {0}, whereN is the set of all positive integers. We first recall the
definition of the Littlewood-Paley operators. Lgb;}22, be a sequence itY’(R") satisfying
the following properties (i), (ii) and (iii) :

() suppipo C {E € R | €] <2}, suppp; C {E€R" |27 <[] <2 }if jeN.
(i) Forany multi-indexx € Ny there exists a positive constantsuch that

sup sup 271 |9¢%;(€)] < ca.
j€No £€Rn

(iif) i Zi(6) =1forall ¢ € R™,
j=0

Given f € ./(R"), we denote\, f := ¢, * f for j € Ny, wherex denotes the convolution
operator. Then, we define the Besov spaBgs, (R") by the following definition.

Definition 1. The Besov spac&!_ ,(R") is defined to be the set of all tempered distributions
f e '(R") such that

15, =D 2 18l e < o0
=0

Note thatB]_ ,(R") is a Banach space with its norfn|| ;. Itis easy to see the continuous
embeddingd™(R") < BJ |(R") if m > n/2+ 1. Moreovér,Bgo,l(R”) contains some non-
decaying functions, for example;** € B, ,(R") \ H™(R") for all wavevectoru € R".

For the local-in-time existence and uniqueness of solutions for (E), Kato [2] proved that for
the given initial velocity fieldu, € H™(R™)™ with m > n/2 + 1, there exist’ = T'(||uo|| zm)
and a unique solution of (E) in the clasC([0,7]; H™(R™)"). Pak and Park [4] extended
this result to the Besov spacés_ ,(R"). It has already been known that Kato’s solution is
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real analytic in spatial variablesif, € C*(R™)", see Alinhac and Mtivier [1] and Kukavica
and Vicol [3]. In this talk, we prove the propagation of analyticity of Pak-Park’s solutions. In
particular, we give an improvement for the estimate for the size of the radius of convergence of
Taylor’'s expansion.

Before stating our result about the analyticity, we set notation. AFer Ny, putm, =
ck!/(k + 1)* wherec is a positive constant such that one has

(6%
> (B)mﬁlma—ﬁl < Mmja,  a €N,

0<B<a

(8]
Z (5) Mipl-1Mja—pl+1 < |a|mp, € Ny \ {0}".
0<fB<a

For example, it suffices to take< 1/16. Our result on the propagation of the analyticity now
reads:

Theorem 2. Letug € Bl ;(R")" with divug = 0, and letu € C([0,T]; B, ,(R")") be
the solution of(E). Suppose that, € C*(R™)" in the following sense there exist positive
constantsiky and po such that

020l 52, , < Kopy'mya

forall « € Njj. Thenu(-,t) € C¥(R™)" for all t € [0, 7] and satisfies the following estimate
there exist positive constani§ = K (n, Ky), L = L(n, Ky) and\ = A(n) such that

—lal ¢
|o2ut B, < K (%) m|a|<1+t>mx{a'—l’°}exp{A|a| / ||u<-,7>|rB;o,1dT} ®
0

for all « € Ny andt € [0, 7).

Remark 3. (i) Since K, L and A do not depend off’, (1) gives a grow-rate estimate for large
time behavior of Pak-Park’s solutions providﬁdHu )| s, dr is uniformly bounded in time.

(i) From (1), one can derive the estimate for the size 'of the uniform analyticity radius of the
solutions as follows :

1
07 t o -
1‘13'1%1?; (W) pL(l—i—t exp{ /Hu s dr}

Recently, Kukavica and Vicol [3] considered the vorticity equations of (E}ifT?)? with
s > 7/2, and obtained the following estimate for uniform analyticity radius :

o oo \;
liminf(Hax rotu(t)|lo ) > p(1+1%)” exp{ /||Vu HLoodT}

|or] =00 o!

with somep := p(r,rot ug) and = A\(r). Hence our result is an improvement of the previous
analyticity-rate in the sense th@dt+t?)~! is replaced by1 +¢)~!, and clarifies thap = py/L.

References

[1] S. Alinhac and G. Mtivier, Propagation de I'analyticié locale pour les solutions degquation d’Euley Arch.
Rational Mech. Anal92 (1986), 287-296.

[2] T.Kato,Nonstationary flows of viscous and ideal fluiddRr, J. Functional Analysi8 (1972), 296—305.

[3] I. Kukavica and V. Vicol,On the radius of analyticity of solutions to the three-dimensional Euler equations
Proc. Amer. Math. Sod37(2009), 669—-677.

[4] H. C. Pak and Y. J. ParlExistence of solution for the Euler equations in a critical Besov sfke, (R"),
Comm. Partial Differential Equatior2 (2004), 1149-1166.



