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We consider a viscous incompressible fluid in 3-dimensional unbounded domains
Ω. The motion of such a fluid is governed by the Navier-Stokes equations:

(N-S)

 ∂tu − ∆u + u · ∇u + ∇p = f, t ∈ R, x ∈ Ω,
∇ · u = 0, t ∈ R, x ∈ Ω,
u|∂Ω = 0, t ∈ R,

where u = (u1(x, t), u2(x, t), u3(x, t)) and p = p(x, t) denote the velocity vector and
the pressure, respectively, of the fluid at the point (x, t) ∈ Ω × R. Here f is a
given external force. We present a uniqueness theorem for almost periodic-in-time
solutions to the Navier-Stokes equations in 3-dimensional unbounded domains. Thus
far, uniqueness of almost periodic-in-time solutions to the Navier-Stokes equations
in unbounded domain, roughly speaking, is known only for a small almost periodic-
in-time solution in BC(R; L3

w) within the class of solutions which have sufficiently
small L∞(L3

w)-norm. We show that a small almost periodic-in-time solution in
BC(R; L3

w ∩ L6,2) is unique within the class of all almost periodic-in-time solutions
in BC(R; L3

w ∩ L6,2). Here L3
w and Lp,q denote the weak-L3 space and the Lorentz

space, respectively. We note that Lp,∞ is equivalent to Lp
w.

We first introduce the definition of almost periodic functions.
Definition. Let B be a Banach space and f ∈ C(R; B). Then f is called an almost
periodic function in B if for all ε > 0 there exists L = L(ε) > 0 with the following
property: For all k ∈ Z, there exists Tεk ∈ [−(k + 1)L,−kL] such that

sup
t∈R

‖f(t + Tεk) − f(t)‖B ≤ ε.

Now our main result reads as follows:

Theorem 1. Let Ω ⊂ R3 be an exterior domain, the half-space R3
+, the whole space

R3, a perturbed half-space, or an aperture domain with ∂Ω ∈ C∞. Then, there exists
an absolute constant δ > 0 such that if u and v are almost periodic-in-time in L3,∞

and mild solutions to (N-S) for the same external force f , if

u, v ∈ L2
uloc(R; L6,2(Ω)),

and
sup

t
‖u‖3,∞ < δ,

then u = v.



The proof of the our uniqueness theorem is based on the method of dual equa-
tions. In order to prove our main theorem, it suffices to show that w := u − v
identically equals 0. Since u and v are solutions to the Navier-Stokes equations, w
satisfies

(U)

 ∂tw − ∆w + w · ∇u + v · ∇w + ∇p′ = 0, t ∈ R, x ∈ Ω,
∇ · w = 0, t ∈ R, x ∈ Ω,
w|∂Ω = 0.

Hence, if Ω is a bounded domain and if u, v belong to the Leray-Hopf class, under
the hypotheses of Theorem 1, the usual energy method and the Poincaré inequality
yield ‖w(t)‖2

2 ≤ e−(t−s)‖w(s)‖2
2 for t > s. Consequently, in the case of bounded

domains, Theorem 1 is obvious. In the case where Ω is an unbounded domain, u
and v do not belong to the energy class in general and the Poincaré inequality does
not hold in general. Hence, since we cannot use the energy method, we will use the
method of dual equations.

The dual equations of the above system (U) are as follows.

(D)


−∂tψ − ∆ψ −

3∑
i=1

ui∇ψi − v · ∇ψ + ∇π = F, t < 0, x ∈ Ω,

∇ · ψ = 0, t < 0, x ∈ Ω,
ψ|∂Ω = 0.

By using the energy estimate, for all almost periodic functions F in L2(Ω)∩L6/5(Ω),
we construct a sequence of weak solutions of (D) having a property similar to that
of almost periodic functions.
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